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Dimensions of irreducible representations of the classical Lie
groups

N El Samrat and R C Kingf
Mathematics Department, University of Auckland, Auckland, New Zealand

Received 13 March 1979

Abstract. Formulae are derived expressing the dimensions of each irreducible represen-
tation of each of the classical Lie groups of transformations in an N -dimensional space as a
factored polynomial in N divided by a product of hook length factors.

1. Introduction

Weyl (1925, 1926) derived explicit formulae for the dimensions of each of the
irreducible representations of the classical semi-simple Lie groups SU(N), SO(N) and
Sp(N). However, these formulae do not make manifest the N dependence of the
results. The first formula which did do this in the case of the irreducible tensor
representations of U(N) is due to Robinson (1961 p 60). This formula expressed the
dimension of the irreducible representation of U(N) with character {A} in the form of a
numerator consisting of a factored polynomial in N and a denominator H(A) whichis a
product of hook length factors. This was generalised to cover the characters {#; u} of
U(N) for which a dimensionality formula was derived by two distinct methods (El
Samra 1970, Jahn and El Samra 1970 (unpublished), King 1970), but in both cases the
derivation was unattractively lengthy. Similarly a further generalisation was made to
the case of irreducible tensor representations of O(N) and Sp(N) having characters [A ]
and (A) (Abramsky et al 1973). In these cases whilst the denominators were of the
required form, namely H{A), the numerators were expressed in a rather cumbersome
manner.

In this paper two important lemmas due to Cauchy (Muir 1906) and Frobenius
(1903) are stated in the following section, where their use in deriving Robinson’s hook
length formula from Weyl’s dimensionality formula is presented in detail. The deriva-
tion makes use of the reduced determinantal form of the characters {A} given by
Littlewood (1940 p 112) and discussed in the preceding paper (El Samra and King
1979).

In § 3 exactly the same method is used to derive dimensionality formulae appro-
priate to the tensor representations of O(N) and Sp(N'). This time the numerators are
expressed very succinctly, making the results easier to use. The same procedure is
followed in § 5 in the case of the mixed tensor irreducible representations of U(N)
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having character {#; u}, whilst in § 6 the formulae for the spinor characters of O(N) and
SO(N) given in the preceding paper are exploited to give the dimensions of the
remaining irreducible representations of the classical groups.

2. Robinson’s hook length formula

The dimension Dn{A} of the irreducible representation {A} of U(N), which remains
irreducible on restriction to SU(N), has been given by Weyl (1925 § 6 (41)) in the form

Dy{A}= I =A=i+/(=i+]). (2.1)
I=i<jsN
To determine explicitly the dependence on N it is convenient to make use of the
reduced determinantal form of {A} given by Littlewood (1940 p 112) and rederived by
Foulkes (1951). This is best stated and proved using the Frobenius notation for
partitions, which is such that

a aa;...a,
o=(3)-(e )
W={, biby... b, 2.2)
witha; =, —iandb;=A;—jfori,j=1,2,...,sothata; >a;,,and b;> b;, forall i and

j, whilst r is defined by the conditions a; =0and b, =0fori,j=1,2,..., randa, <0and
bj<Ofori,j=r+1,r+2,....
With this notation the reduced determinantal expansion takes the form

{A}= {Z,} (2.3)
where i,j=1,2,...,r, so that
DniA}= 'DN{ZI} . (2.4)

Applying (2.1) to the case (A) = (a +1, 1°) = (§) and separating out those terms for
which / =1 gives

(N +a)!

by _.
Dvla+1, 1= a6+ 1)

Dy _1{1%}. (2.5)

From this follows, as a special case, the recurrence relation

DN{1b+l}=

b
(b+1)DN_1{1 2 (2.6)

Since Dy{0}=1 for M =1 and D;{1} = 1 the solution of this recurrence relation is
Dx{1T}=N!/m!(N—m)! for0Osms<N. 2.7)

Substitution into (2.5) then yields the result needed to exploit (2.4), namely

DN{:}=(N+a)!/(N-—b-—1)!a!b!(a+b+1). (2.8)
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Using this in (2.4) gives, after extracting the various factors common to each element in
any given row or column, the result

' N+
D N{ } (N +a)!
i=1 (N =b;—1)!a;'b;!
To evaluate this and many similar determinants below, it is only necessary to recall

Cauchy’s lemma (Muir 1906 p 342). This states that
1

(i =

2.9

1
(a; +b; +1)'

-1

=0 T )y Gems) (2.10)

Isi<j=r

Its proof depends on noticing that the left-hand side vanishes if x;, = x; or y; = y; for any
pair (i, j) with { #j. After extracting the appropriate factors (x; —x;) and (y; — y;), and
the common denominator, consideration of the degree of the numerator as a multi-
nomial in x; and y; leaves only the numerical factor (-1)"""Y"2to be found. This may be
obtained by considering, for example, the leading term in the expansion.

Taking x; = a; and y; = —1—b; in this lemma for i, j = 1,2, ..., r then gives

o3t Iws e 1, -]

r r -1
[ T - b)]}(n H(a,-+b,+1)) . 2.11)
bljl i+1 i=1j=1

However, there exists another important lemma due to Frobenius (1903 § 5) which
states that the sets {a;:i=1,2,...} and {-1+5,:j=1,2,...} have no element in
common. This was proved in the preceding paper (El Samra and King 1979). The
implication of this lemma here is that for each fixed value of i in the range 1 <i=<r the
particular sets

S.={(ai—a):j=i+1,i+2,...,rtand Sy ={(a;+b;+1):j=r+1,r+2,...,A;}
are disjoint. Moreover,

azZa;—a,>a;—a-1> ... >a;i—ai+1=1
and

a,-?a,-+b,+1+1>a,~+b,+2+1>...>a,-+b,\i+1=a,-+)t~)q-).,~+1>a,~+i—/\,~+l=l

where use has been made of the fact that XM = . This merely corresponds to the
observation that in the Young diagram specified by the partition A the length of the A;th
column is at least / for all i <r. Thus S, and S, are both subsets of § where

S={(a,~—j):j=0, 1,2,...,(1,'—1}.

However, as already stated, S, and S, are disjoint and the total number of elements of

S. and S, is precisely (r—i)+(A;—r)=a; which is the number of elements of S.

Necessarily, therefore, § is the disjoint union of S, and S,, from which it follows that
Al'

— H (ai— ( I1 (ai+bf+1))_1. (2.12)

az j=i+1 j=r+1
Similarly

bi ﬁ )=( i (a,-+b.-+1))_1. (2.13)

=i+ j=r+1
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Substituting (2.12) and (2.13) in (2.11) gives

D”{ } :’1(1\5’NZ‘1)1')'/H( ) (2.14)

H(Z) =11 (@i +b+1) 2.15)

(%)}

where

with the product taken over all pairs (i, j) specifying the position of a box in the Young
diagram corresponding to the partition (A) = (§).

The formula (2.14) may then be rewritten to yield the famous dimensionality
formula of Robinson (1961 p 60):

A A . -1
DN{A}=(H)(N_i+j)(H(/\i_j+/\j_i+l)) (216)

[(3))

in which the denominator is the product of all the hook length factors of the boxes in the
Young diagram specified by A. The numerator giving the N dependence of the result is
given by a factored polynomial in which each factor is associated with a box of the
Young diagram in an obvious way. Thus for example

Dy{43%21}=(N) (N+1) (N+2) (N+3)/86 41

(N-1) (N)  (N+1) 642
(N-2) (N-1) (N) 531
(N-3) (N-2) 31
(N -4) 1.

3. Orthogonal and symplectic groups

The derivation of the previous section has been given in full because the steps followed
are just those necessary for the derivation of similar results for the tensor represen-
tations of the orthogonal and symplectic groups. The starting point is once more one or
other of the formulae due to Weyl (1926 § 3 (24), § 5 (35), (35)). These give the
dimensions of the irreducible characters [A] and (A) of SO(N) and Sp(N) and are such
that

A=A =i+ DAi+A; =i —j+2k)
Da[A]=
2+[A] lsgjsk (mi+)(=i—j+2k)
Ai—Aj—i+j)) Aitdj—i=j+2k+1
DariilA]= —t—t ’
2k+1[ ] 1si];IiSk (—l+]) l=i<j=k (_i_j+2k+1)

) (3.1

(3.2)

and

I Ai—Aj—i+])) Ai+A—i—j+2k+2) (3.3)

Dy (A)=
2(A) 1sicjsk  (—i+])  i1=isj=k (—i—j+2k+2)
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Applying these formulae to the cases for which (A) = (3) = (a +1, 1) withb+1<k
gives
(a+2k-1DYa+k)
a!k -3 k-1 a+b+1)a-b+2k-1)

2a+2k+1)!
alk-DHa+b+1)a—-b+2k)

D2y -2[1°],
(3.4)

Dyfa+1,1%]=

Dyiiifa+1,1°]= D3y-1[1°]

and

(a+2k+1)!
alk-1Na+b+1)a-b+2k+1)

and hence the recurrence relations

Daula+1,1%)= Dai—2(1%),  (3.5)

b1 2k(2k-1) b
Dy [1°7]= G+ 02k b= 1)D2k—2[1 ], (3.6)
b1 (2k +1)2k b
Dain[177]= _(b+1)(2k b)Dzk-1[1 ] (3.7
and
Do (17" = (2k +1)2k Day-2(1%). (3.8)

b+1)2k—-b+1)

It should be noted that the first of these, equation (3.6), is not valid in the special case for
which b+ 1 = k. In this caseitis 1mportant to recognise that the character [1°*'] should
more properly be denoted by [1%].. This is because Weyl’s formula (3.1), from whlch
(3.6) is derived, applies to irreducible representations of SO(2k). The character [1%]is
the character of a reducible representation of SO(2k). The two irreducible constituents
are of the same dimension and have characters [1%],. Itis easy to see directly from (3.1)
that

Do [1¥1=2D3 [1%]. = 2k)!/k k. (3.9)

The solutions to equations (3.6), (3.7) and (3.8) following from the fact that
Dp[0]=Dp(0)=1 for M =1 and D,(1) =2 take the form

D [17]=(2k)!/m!(2k — m)!, (3.10)

Dy i[1M]1=Q2k+ 1)1/ m!(2k +1—m)! (3.11)
and

Dy (1™y=Qk+2-2m)2k + 1)/ m!(2k +2~m)!. (3.12)

Substitution into equations (3.4) and (3.5) then yields, for the dimensions of
irreducible characters of O(N) and Sp(V ) associated with Young diagrams consisting of
single hooks, the formulae

aj _ (N+a—-1)!(N +2a)
DN[b]—(N—b—Z)!(N+a—b—1)a!b!(a ¥b+1) (3.13)
and
a\ _ (N+a+1)(N-2b)
DN<b>—(N—-b)!(N+a—b+1)a!b!(a+b+1)' (3.14)
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These are just what is required for exploiting the reduced determinantal expansions
(Abramsky et al 1973, El Samra and King 1979)

Bl=E e G-IGL

The analogues of equation (2.9) then take the form

(3.15), (3.16)

t (N +a,— DN +2a;) 1
[ ] I;Il N bi 2)'a,‘b,' ’(N+a,-—b,—1)(ai+bi+1)’ (317)
and
r (N +a;+1)}(N —2b;) 1
< > 1:[1 (N —=b:)la;!b;! '(N+ai_bi+1)(ai+bi+1) . (3.18)

The denominators of the ijth terms of the determinants can be written in the forms
GN+a)’~GN-b;-1)

and
GN+a;+1)* -GN —b,)°

which are directly amenable to the use of Cauchy’s lemma. Its application yields

[ ] ﬁ (N+a;—1)}(N +2a;)
i=1 N b,- 2)!ai!bi! 1si<j=r

(a,- —a,-)(N +a;t a,')(bi - b/)(N_ bi - b/' _2)

-1

x(IT 1T (N +a=b= 1)@ +b,+ 1)) (3.19)
i=1j=1
and
a\ o (N+a+1IN=-2b)
DN< >_xl;]1 (N_bl)'a,'b,' 1sil:[]'sr

(a,« - a,)(N +a;+ a; + 2)(b, - b/)(N - b,‘ - bl)

r r -1
X(H H (N+ai—b,~+1)(ai+b,-+1)) (3-20)
i=1 =1

It is a straightforward task to extract the factor H(;) in each denominator of these
expressions as in the derivation of (2.14), and the N-dependent factors may be
rewritten to give

P} A (S fova oo L macn)/HG) - oo

and

a r ((N+a;+1)! & (N+a,+a;+2) 5 (N—-b,—b;) a
.3)- 11 ' L)) o
b EQ (N ~b)! J1MN+m—@+U£kN—h+W+U b ( )
These are essentially the results given previously (Abramsky ef al 1973) in forms
which make it clear that there exists a pattern of cancellation of the various denomina-
tor factors depending on N dictated by the hook structure of the Young diagram

specified by A. However, in this earlier paper the algebraic form of the result of carrying
out these cancellations was not obtained. The key to overcoming this problem is once
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again Frobenius’ lemma which may be used to show that the following sets are disjoint:

{(N+a;—=b;j=1);7=6i+1,...,r} {N+a;—b;—-1);j=i+1,i+2,...,r}
. (3.23)
{(N+a,-+a,);j=r+l,r+2,...,/\i} {(N—b,-—b,-—Z);]'=r+1,r+2,...,/\,-}

for each fixed value of i in the range 1 <i=<r. Moreover

r (N+g,—1)! atb ,
—_— N +a;— 24
N N=p=p- I Wra-p (3:24)
and the set

{(N‘{"a,'_].):].:l,z,...,a,'+b,'+1} (3.25)

is precisely the disjoint union of the four sets (3.23). The inclusion of the first two sets in
(3.25) corresponds to the claim that the cancellations referred to do in fact take place.
They are consequences of the inequalities
0<b <b_1<...<b;<a;+b;
and
O0sg,<a1<...<agn<a;<a;+b;
The inclusion of the second two sets of (3.23) in (3.25) follow from the inequalities
128> 02>, .. >a5=A5 — A Zi—A=—b;>—a;—b;~ 1
since Ay, =1, and
“12 b1 >br>. . >hy =M —AZi~A =—a;>—a;— b~ 1

since A, A, = i. Having proved the necessary inclusions, the fact that equation (3.25) is the
union of the disjoint sets (3.23) follows from the fact that the total number of elements
in these four subsets is (r—i + 1)+ (r — i)+ (X; = r) + (A; — ) which is simply A; —i + A; —
i+1=ga;+b;+1, the number of elements in (3.25). Thus, cancelling and collecting
together similar terms yields

DN[Z] - 1;[1 (,f;[ (N+a+a) I (N-bi—b, —2))/}1(:) (3.26)

j=i+1

and

A

DN<Z>=E{ I (N+a.~+a,-+2)iI:[i1 (N—bi—b,)}/l-I(Z). (3.27)

i=i+1

In terms of the partition labels A:

A A - -
i=j) (i<j)
and
A A - -
DniA)=[] (N+a+2,—i—j+2) [] (N—)\,~—z\,-+i+j)/H(A) (3.29)
(i) (i=j)

where the products are taken over all pairs (, j) specifying positions of boxes of the
Young diagrams corresponding to the partition A with the indicated restrictions on i
and j for each particular product.
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In these forms it is easy to write down the numerators of these expressions as
factored poiynomials by entering a number in each box of the Young diagram specified
by A. The resulting array is composed of two regions, above and below the main
diagonal, with the boxes on the main diagonal included in the lower and upper regions
for the orthogonal and symplectic groups respectively. The entries themselves consist
of one orotherofthefactors N=i—-D(N+i+]-2),(N=i—j+2)or (N +i+j)with
either A; +A; added or A + /\ subtracted. In the case of the partition A = (4 322 1) thisis
exemplified by the arrangements

-5 -4 -3 -1 | A
4 | N-2-~_N+1 N+2 N+3 | -5
3 | N=3  N-3 ~_ N+3 —4
3 N-4 N-5 N-6~~_i<j -3
2 | N=5  N-6 =7 <1
1| N-6
+A 4 3 3 2
1
and
-5 —4 -3 -1 X
FAN+2 N+3 N +4 Nes | -5
3| NST <2 N+4  N+5 4
3| No2 N3~ N+6 -3
2 | N-3 N-4 \‘\\i\sj -1
1| N-4 P>~
+A 4 3 3 2"
!
Thus
Dn[4 322 1]=(N+6) (N=8) (N-6) (N-3)/8 64 1
(N+4) (N+2) (N-4) 642
(N+3) (N+1) (N) 531
(N+1) (N-1) 31
(N=1) / 1
and
Dn(4 32 2 1)=(N-8) (N—-6) (N—4) (N-1)/8 641
(N+6) (N—4) (N-2) 642
(N+5) (N+3) (N) 531
(N+3) (N+1) 31

(N+1) / 1
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It should be noted that for the special case N =2k = 2, = 10 the dimensions of the
appropriate irreducible representations of SO(10) are given by

Di[43°21.=3.16 2 4 7/8641

14 12 6 642

13 11 10 531

11 9 31

9 1
=13 11° 77 3? 2.

4. Composite Young diagrams

In extending the results of the previous section to the irreducible representations of
U(N) whose characters {#; u} are associated with composite Young diagrams it is
convenient to take as the starting point the expansion obtained earlier (E! Samra and
King 1979):

{#; u} =15, a;+m}| 4.1)

whereai=ui—i,b,-=u,-—], c,~=v,-—l,andd,-=17,-—jfori,j=1,2,...,mWithmzy,l,
m=g, m=v;and m=7,.
The relation

{#; m}=€m{a} (4.2)
for characters of U(N) with

A-I_{N—im_,-ﬂ forj=1,2,...,m
N V7. forj=m+1,m+2,...,2m
is such that
{lm; a+m}=é&la+m+1, 1NNy, (4.3)

so that from (2.7)
DN{lm;a+m}=DN{a+m+l, 1N-d-m-hy
=(N+a+m)l/d+mMa+m)(N—-d-m=DI(IN+a—d). (4.4)

Using this result in combination with (4.1) gives, after extracting the factors
common to each element in any given row or column, the result

_ Ll (N +a;+m)! !
Dzt = Il g T D@ mi@ e mil N a = “.5)
Recourse, once again, to Cauchy’s lemma gives
(N+a;+m)!
Dniw: mi= H(N di—m -1 a;+m)(d, +m)!
m m -1
x I (a,--a,-)(d;—d,-)(H fTw+a-d)) (4.6)
=i<j=m i=1j=1
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However, from Frobenius’ lemma, for each i =1,2,..., m the sets

{(@i—a;):j=i+1,i+2,...,m} and {(ai+b;+1):j=1,2,..., w}

are disjoint. Their union is seen to be
{lai+m+1-)):j=1,2,...,a;+m}

The relevant inclusions are demonstrated by noting that

;> A1 7 Qi3> DAy Sy — M Z—M

and
mza,=b+1>b>by>...>b, =fi,, —wZi—pu=—
Thus
1 om " _1
Similarly
1 -1
G, 11, d)—(n G +de) s
so that
Dniw; n =‘i#(ﬁ(N+ai_d1)) 1
X:x gf;.f:i:)i(,ﬁl<N+af—d,->) 1(H(#)H(v))‘l, (4.9)

Proceeding in a now familiar manner, Frobenius’ lemma is such that for each i =
1,2,..., m the sets

{(N+a,—-d):j=ii+1,...,m} and {(N+a;+c¢+1):j=1,2,..., v}
are disjoint. They are both subsets of
{N+ai+m+1—-j3j=1,2,...,m+d; +1}
since
di>din>di2>. . . >dun=vm—m=—-m
and
mzyi=c+1l>c1>c>...>¢, =0, —vizi—v;=—d,..

Counting the elements then shows that the union of the two subsets is the containing set.
Similarly the two sets

{(N—di+a,):j=i+l,i+2,...,m} and {(N“di—bj“l)lj=1,2,...,;.L,'}
are disjoint and their union is

{(N=di+ai=j):j=1,2,...,m+a).
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These observations lead to the required simplifications of (4.9):

DN{ﬁ;u}=(ﬁ 1’1 (N+ai+c,+1))(il'_:[l ,ljx (N—di—b,-—l))/H(u)H(v) (4.10)

i=1j=1

which in terms of the partition labels g and » is simply

” v
Duizs wy= ([T V== + i+ =D/ H@) ([T OV + vt =k =1+ D/HB)).
LJ >

This result was derived earlier in a much more laborious way (El Samra 1970, Jahn
and El Samra 1970 (unpublished)). It is in a form which makes it very easy to write
down the result as a product of two arrays of N-dependent factors divided by products
of hook lengths appropriate to the Young diagrams specified by 4 and » which
constitute the composite Young diagram associated with {#; u}. The arrays are formed
by adding the row lengths v + u; to and subtracting the column lengths »; + g, from the
basic entries of the form (N —k ~/+1) and (N +{+j ~ 1) in the dotted boxes specified
by » and the boxes specified by u, respectively. This is illustrated in the case
{#; u}={431; 2% 1} by the arrangement

Y 1 2 2 | -3 =2 B
lV it 4 X
4 IN-4 N=3 N-2 N-1|N+1 N+2 3/
3 N-4 N-3 N-2|N+2 N+3 -2
1 N-3|N+3 -2
-1
k | i

Hence
N (N+2) (N+4) (N+5) (N~-5) (N=-3)
N (N+2) (N+3) (N-3) (N—-1)

L N (N =2)
Dn{E31;2%1}= .
4 6 4 2
1 4 3 1
1 1

5. Spinor characters

It is only necessary to complete the discussion with an account of the irreducible spinor
representations of O(N). Such representations have characters denoted by [A; A] or to
be more explicit [A; A]n. In the preceding paper (El Samra and King 1979) it has been
shown that for certain group elements including the identity element of the group

[A; Al = ANA)N-1. 5.1)

Here Ay denotes the basic spin representation character of dimension 2* for both
N =2k +1and N =2k and (A)n-_, is the character of the irreducible representation of
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Sp(2k) if N =2k +1 and is defined formally for all N by
An-r=HAi =i +]Ing (A =8{Ai —i =+ 2}n 1), (5.2)

where the complete homogeneous symmetric functions {m} are defined with respect to
N —1 eigenvalues of the group element of O(N) under consideration, excluding one
whose value is 1.

In the case of the identity element of the group, (5.1) yields, for N =2k +1 and
N =2k, the result

Dn[A;A]1=2"Dn_1(A)

where by virtue of the validity of (5.2) for all N, Dn_-{A) may be obtained from (3.29)
merely by replacing N by N ~1. Therefore

A A
Dn[A;A)=2" T] (N+A;+X—i=j+1) [ N=Ai=X;+i+j-1)/H(A) (5.3)

(i>j) (=j)
for N=2k +1 and N =2k. Thus for example
Dn[A;43%21]1=(N-9) (N=-7) (N-5) (N-2) 2"/ 8641

(N+5) (N=5) (N-3) 64 2

(N+4) (N+2) (N+1) / 531

(N+2) N / 31
N / 1

and in the case of SO(2k):
Dy fA;43%21).=3D2[A;43%21].
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